Is there any symmetry left in gravity theories with explicit Lorentz
  violation? by Bonder, Yuri & Corral, Cristóbal
ar
X
iv
:1
80
8.
05
52
2v
2 
 [g
r-q
c] 
 18
 Se
p 2
01
8
Is there any symmetry left in gravity theories with explicit Lorentz
violation?
Yuri Bonder and Cristo´bal Corral
Instituto de Ciencias Nucleares, Universidad Nacional Auto´noma de Me´xico
Apartado Postal 70-543, Ciudad de Me´xico, 04510, Me´xico
bonder@nucleares.unam.mx; cristobal.corral@correo.nucleares.unam.mx
Abstract
It is well known that a theory with explicit Lorentz violation is not invariant under diffeomorphisms. On the other
hand, for geometrical theories of gravity, there are alternative transformations, which can be best defined within
the first-order formalism, and that can be regarded as a set of improved diffeomorphisms. These symmetries are
known as local translations and, among other features, they are Lorentz covariant off shell. It is thus interesting
to study if theories with explicit Lorentz violation are invariant under local translations. In this work, an example
of such a theory, known as the minimal gravity sector of the Standard Model Extension, is analyzed. Using a
robust algorithm, it is shown that local translations are not a symmetry of the theory. It remains to be seen if local
translations are spontaneously broken under spontaneous Lorentz violation, which are regarded as a more natural
alternative when spacetime is dynamic.
1 Introduction
Conventional theories of gravity, when geometrical, are invariant under diffeomorphisms (Diff) and local Lorentz
transformations (LLT). In addition, such theories are invariant under the so-called local translations (LT), which
can be regarded as improved Diff in the sense that they are fully Lorentz covariant, among other propeties [1]. As
expected, for theories that are invariant under LLT, on shell, invariance under Diff implies invariance under LT
and vice versa [2,3]. Thus, in light of this result, it is interesting to study the logical relation between Diff and LT
when LLT is explicitly broken. This is the main goal of this work. Clearly, a symmetry is a very powerful tool that
simplifies calculations and provides conceptual clarity, therefore, elucidating if there is a symmetry left in theories
with explicit Lorentz violation can be extremely relevant.
General relativity is thought to be a low energy limit of a more fundamental theory of gravity that incorporates
the quantum principles [4]. Several interesting quantum gravity approaches have been developed. The leading
candidates include string theory, loop quantum gravity, spin networks, noncommutative geometry, causal sets, and
causal dynamical triangulations (see the corresponding contributions in Ref. [5]). Notably, even though this theory
is still unknown, research fields like quantum cosmology are making steady progress by appealing to effects inspired
by quantum gravity [6, 7].
On the other hand, there is an approach to quantum gravity where the priority is to make contact with
experiments and which is known as quantum gravity phenomenology. Within quantum gravity phenomenology, it
is customary to look for traces of Lorentz violation. The motivation to do this stems from the fact that within
the most prominent approaches to quantum gravity, it has been argued that LLT may not be a fundamental
symmetry [8–12], and thus, it may be possible to look for empirical traces of quantum gravity by searching for
violations of LLT. Inspired by this possibility, a parametrization of Lorentz violation based on effective field theory
has been developed [13, 14], which is known as the Standard Model Extension (SME).
The SME action contains Lorentz-violating extensions to all sectors of conventional physics, including general
relativity [15]; this latter sector is known as the gravity sector. Moreover, within the gravity sector, the part that
produces second-order field equations for the metric is called minimal gravity sector, and, using a post-Newtonian
expansion [16], it has been tested with several interesting experiments including atom interferometry [17], frame
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dragging [18], lunar ranging [19, 20], pulsar timing [21, 22], and planetary motion [23]. There are also tests in the
context of cosmology [24]. Other experiments related to the SME are reported in Ref. [25].
It should be stressed that the dominant position in the SME community is that, in the presence of gravity,
Lorentz violation must occur spontaneously. This is assumed to deal with the severe restrictions arising from
the contracted Bianchi identity [15], i.e., the fact that the Einstein tensor is divergence free. This, in turn, is
closely related to the invariance under Diff. In addition, some relations between Diff and LLT are known in the
literature. For example, it has been shown that spontaneous violation of Diff implies spontaneous violation of
LLT, and vice versa [26–28]. In these regards some surprising results have already been uncovered by using LT.
In particular, in the unimodular theory of gravity [29], explicit breaking of Diff produces a breakdown of LT but,
contrary to the expectations, LLT is unaffected [30]. Thus, it is interesting to analyze the fate of the LT when
LLT is spontaneously broken. Here, however, attention is restricted to explicit symmetry breaking in the minimal
gravity sector of the SME. This assumption is adopted for simplicity, but also since the dynamics associated with
spontaneous Lorentz violation may spoil the Cauchy initial value formulation [31]. Moreover, this setup allows
one to study if torsion, which modifies the Bianchi identities, can relax the restrictions that have driven the SME
community to consider spontaneous Lorentz violation. Other alternatives to deal with these restrictions include a
Stu¨ckelberg-like mechanism [32] and the use of Finsler geometries [33].
2 Gauge theories of gravity and local translations
Local translations can be best defined in gauge theories of gravity [1,34,35] that consider two independent gravita-
tional fields: the tetrad eaµ and the Lorentz connection ω
ab
µ = −ω
ba
µ. This setup includes the well-known Poincare´
Gauge Theories [3, Chapter 3]. Here, spacetime indices are represented by Greek letters and tangent-space indices
with Latin characters; the summation convention on repeated indices is understood. The four-dimensional space-
time metric gµν is related to the tetrad by gµν = ηabe
a
µe
b
ν , where ηab = diag (−,+,+,+). Note that ηab and its
inverse, ηab, can be used to lower and raise tangent-space indices, and that the tetrad and its inverse, Eµa, which
is such that eaµE
µ
b = δ
a
b and e
a
µE
ν
a = δ
µ
ν , can be used to map spacetime indices to tangent-space indices and
vice versa. In addition, the Lorentz connection and the spacetime connection Γλµν are related through the tetrad
postulate
∂µe
a
ν + ω
a
bµe
b
ν = Γ
λ
µνe
a
λ. (1)
The left-hand side of this equation can be written as Dµe
a
ν where Dµ is the covariant derivative with respect to
the Lorentz connection1.
Curvature and torsion can be derived from the tetrad and the Lorentz connection through Cartan’s structure
equations
1
2
Rabµν = ∂[µω
ab
ν] + ω
a
c[µω
cb
ν], (2)
1
2
T aµν = D[µe
a
ν], (3)
where the squared brackets denote antisymmetrization of the n indices enclosed (with a 1/n! factor). Clearly,
Rabµν = R
[ab]
[µν] and T
a
µν = T
a
[µν] and, from Eqs. (1) and (3), it can be verified that T
a
µν/2 = Γ
λ
[µν]e
a
λ.
Furthermore, the Bianchi identities take the form
D[µR
ab
νλ] − T
c
[µνR
ab
λ]ρE
ρ
c = 0, (4)
D[µT
a
νλ] − T
b
[µνT
a
λ]ρE
ρ
b = R
a
[µνλ]. (5)
As usual, (active) infinitesimal Diff are implemented by the Lie derivative. Since the tetrad and the Lorentz
connection are 1-forms, it reads
Diff =
{
δDiff(ρ)e
a
µ = ρ
ν∂νe
a
µ + ∂µρ
νeaν ,
δDiff(ρ)ω
ab
µ = ρ
ν∂νω
ab
µ + ∂µρ
νωabν .
(6)
1The covariant derivative used here differs from the operator widely used in SME papers (e.g., Ref. [15]), which is represented by
Dµ, in that, when acting on a tensor, Dµ does not add a connection term for each spacetime index. These two operators are discussed
in Ref. [36] in a notation that does not coincide with the one used here.
2
Moreover, under LLT the tetrad and Lorentz connection respectively transform as a vector and gauge connection,
that is
LLT =
{
δLLT(λ)e
a
µ = −λ
a
be
b
µ,
δLLT(λ)ω
ab
µ = Dµλ
ab.
(7)
The fact that Diff involves partial derivatives and not covariant derivatives under LLT already suggests that Diff
are not Lorentz covariant. However, this observation also points to its cure: define a transformation replacing the
partial derivative by a covariant derivative. This is the most conventional way to introduce the LT [1] and the
result, for the case where the gauge group is LLT, is
LT =
{
δLT(ρ)e
a
µ = Dµρ
a + ρνT aνµ,
δLT(ρ)ω
ab
µ = ρ
νRabνµ,
(8)
where ρa = eaµρ
µ. Remarkably, it is easy to verify that, acting on eaµ or ω
ab
µ,
δDiff(ρ) = δLT(ρ) + δLLT(λ˜), (9)
where
λ˜ab = ρµωabµ. (10)
From this relation it can be verified that Diff and LT are equivalent in theories that are invariant under LLT. What
is more, if a theory is invariant under two of these symmetries, it has to be invariant under the third. Conversely,
this suggests that, if a theory breaks a symmetry, as it is the case of the SME, it should break at least one of the
remaining symmetries.
Recall that general relativity is invariant under the two symmetry classes: LLT and Diff. The former acts locally
on the tangent space and it thus can be regarded as the gauge (or internal) symmetry of the theory, while the latter
connects different spacetime points. Note that, from Eq. (9), it seems that the LT act in both, the tangent space,
through LLT, and the manifold, via the Diff. However, the fact that the gravitational potentials transform under
LT as Lorentz tensors, which does not occur under Diff, can be used to argue that they only act on the tangent
space.
Now, it is possible to construct theories where the gauge group is different from LLT. Perhaps the most popular
examples of such theories are those where the gauge group is de Sitter or anti-de Sitter [36–39]. Fortunately, the
LT definition can be generalized to theories invariant under arbitrary gauge transformations (GT). Thus, for the
sake of generality, in the remaining of this section the role of the LLT is played by a general GT. To obtain the
generalized LT one simply needs to replace the partial derivatives, in Eqs. (6), by covariant derivatives associated to
the corresponding gauge group. Equivalently, they can be defined [40] as the difference of δDiff(ρ) and δGT(λ˜), for
the corresponding λ˜ab, thus generalizing Eq. (9). It is important to remark that the action of LT on the geometrical
fields depends on the gauge symmetry and, for theories invariant under generic GT, it does not need to coincide
with Eqs. (8).
Interestingly, an algorithm has been developed [30] that, starting from the action, allows one to verify if the
theory is invariant under LT and GT and, if it does, it gives the corresponding transformations of the dynamical
fields (see also Ref. [41]). What is more, in certain cases, the algorithm leads to the corresponding contracted
Bianchi identities and the matter conservation laws. Since the algorithm is closely related to No¨ther’s theorem, as
it can be seen from Eqs. (16) and (17), it selects the fundamental symmetries of the theory. In fact, the algorithm’s
output contains the transformation laws of the dynamical fields under GT and LT; whether the theory is invariant
under Diff can be derived from such transformations. In this sense the GT and LT are more fundamental than
the Diff. The covariant derivative associated with GT is denoted by D¯µ, and the situation in which GT is the
Lorentz group, which leads to Eqs. (8), arises as a particular case. Also, for simplicity, the algorithm is done in a
4-dimensional spacetime that has no boundaries, and all dynamical fields besides the tetrad and Lorentz connection,
which are denoted by Ψ, are assumed to be 0-forms in a nontrivial representation of the Lorentz group. Notice
that Ψ may be Dirac spinors. Also observe that the fact that the formalism is based on the action, and not the
Hamiltonian, allows one to disregard all issues related with spacetime foliations.
The basic steps of the algorithm are (i) consider an action principle
S[eaµ, ω
ab
µ,Ψ] =
∫
d4x eL (eaµ, ω
ab
µ,Ψ), (11)
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where d4x e is the covariant 4-volume element and L is an arbitrary Lagrangian. (ii) Perform an arbitrary variation
of the action with respect to the dynamical fields
δS =
∫
d4x e
(
δeaµF
µ
a + δω
ab
µF
µ
ab + δΨF
)
, (12)
which implicitly defines Fµa, F
µ
ab, and F . Note that F
µ
a includes the variation of the volume element, namely,
Fµa = (1/e)δ(eL )/δe
a
µ, and that these objects vanish on shell. Then, (iii) apply a covariant derivative D¯µ to F
µ
a,
Fµab, and F . Step (iv), verify if the resulting expressions can be written as linear combinations of F
µ
a, F
µ
ab, and
F , where the coefficients can be spacetime functions. If possible, it reads
D¯µF
µ
a = αµF
µ
a + β
b
µF
µ
ab + γaF, (13)
D¯µF
µ
ab = πµ[aF
µ
b] + θµF
µ
ab + µ[ab]F, (14)
D¯µF = 0, (15)
where the fact that F is a 4-form is used. Note that the precise form of the coefficients in Eqs. (13) and (14)
depends on the theory, and, in particular, on the gauge group. Step (v), multiply Eqs. (13) and (14), respectively,
with gauge parameters ρa(x) and ξab(x) = −ξba(x). Finally, (vi) integrate over spacetime using the appropriate
4-volume element. At this stage one must use that D¯µ can be replaced by ∂µ when acting on a scalar under the
gauge group. Also, the Leibniz rule, Gauss’s theorem, and the assumption that there are no spacetime boundaries
are utilized to take the equations to the form
0 =
∫
d4x∂µ (e F
µ
aρ
a)
=
∫
d4x e [
(
ρa∂µ ln e+ D¯µρ
a + αµρ
a
)︸ ︷︷ ︸
δLT(ρ)eaµ
Fµa + ρ
[aβb]µ︸ ︷︷ ︸
δLT(ρ)ωabµ
Fµab + γaρ
a︸︷︷︸
δLT(ρ)Ψ
F ], (16)
0 =
∫
d4x∂µ
(
e Fµabξ
ab
)
=
∫
d4x e [−πµbξ
ab︸ ︷︷ ︸
δGT(ξ)eaµ
Fµa +
(
ξab∂µ ln e+ D¯µξ
ab + θµξ
ab
)︸ ︷︷ ︸
δGT(ξ)ωabµ
Fµab + µabξ
ab︸ ︷︷ ︸
δGT(ξ)Ψ
F ]. (17)
Then, comparing with the action variation (12), it is possible to read off the field transformations under LT and
GT. On the other hand, if it is impossible to write the covariant derivatives of Fµa and F
µ
ab as in Eqs. (13)
and (14), then one can identify which symmetries are broken and which terms are responsible for such breakdowns.
In the next section, this algorithm is applied to the minimal gravity sector of the SME.
3 Explicit Lorentz violation in the gravity sector
A theory with explicit Lorentz violation is one in which identical experiments done in different inertial frames
can produce different results. It is thus easy to imagine gedanken and realistic experiments designed to look for
such violations. In fact, the Earth’s rotation (translation) gives a natural family of instantaneous inertial frames
in which Lorentz violation can manifest themselves as signals with a daily (yearly) period. Moreover, there are
concrete models that incorporate Lorentz violation to account for astrophysical puzzles like the presence of cosmic
rays above the GZK cutoff [42]. Here attention is restricted to a sector of the SME, which should be regarded as a
generic parametrization of Lorentz violation.
The action of the minimal gravity sector of the SME, in the first-order formalism, takes the form S = Sg + Sm
where the Lorentz-violating gravitational part is
Sg[e
a
µ, ω
ab
µ] =
1
2κ
∫
d4x eEµaE
ν
b
(
Rabµν + kcd
abRcdµν
)
. (18)
Here κ = 8πGN is the gravitational coupling constant, and e = det e
a
µ. The first term of this action is the
Einstein–Hilbert action, and kcd
ab is a nondynamical 0-form parametrizing possible Lorentz violations, and whose
components are known as the SME coefficients. The SME coefficients are typically expressed in terms of spacetime
indices, this can be achieved by using the tetrad and its inverse to translate the Latin indices in kcd
ab to spacetime
4
indices. From the index symmetries of Rabµν is it clear that kcd
ab = k[cd]
[ab]. However, from Eq. (5) it can be seen
that, in the presence of torsion, it is not necessary to assume that ka[bcd] = 0. Thus, there are 36 independent
components of kcd
ab; this should be compared with the 20 independent components that are present when torsion
vanishes. Note that the SME coefficients sensitive to torsion are studied in Ref. [15]. For simplicity, even though
it has been shown that there is a York–Gibbons–Hawking term for the minimal gravity SME sector [43], spacetime
boundaries are not considered. Also, the SME coefficients are assumed to be extremely small in any relevant
reference frame, thus, they should not damage the Cauchy initial value formulation of general relativity [44].
The matter action is
Sm =
∫
d4x eLm[e
a
µ, ω
ab
µ,Ψ], (19)
where Ψ denotes the matter fields, which are taken to be 0-forms in a nontrivial representation of the Lorentz group
(recall that Ψ includes spinors). As it is customary, the energy-momentum and spin densities are respectively defined
by
τµa =
1
e
δ(eLm)
δeaµ
, (20)
σµab = 2
δLm
δωabµ
. (21)
Also, since the gravity action does not depend on Ψ, it is possible to define, using the notation of the previous
section, F = δLm/δΨ. The main assumption on Sm is that it is invariant under Diff and LLT. This leads to two
off-shell conservation laws
(Dµ + Tµ)τ
µ
a = T
b
µνE
µ
aτ
ν
b +
1
2
RbcµνE
µ
aσ
ν
bc − FE
µ
a∂µΨ
−
1
2
Eµaω
bc
µ[(Dν + Tν)σ
ν
bc − 2gνρE
ν
bτ
ρ
c], (22)
(Dµ + Tµ)σ
µ
ab = 2gµνE
µ
[aτ
ν
b] + FJabΨ, (23)
where Tµ = T
a
µνE
ν
a and Jab are the generators of LLT associated with Ψ, i.e., δLLT(λ)Ψ = −λ
abJabΨ/2. Notice
that the presence of a Tµ term next to every Dµ is closely related to the presence of ∂µ ln e in the transformations
that are read off from Eqs. (16) and (17).
Equation (22) is the generalization of the energy-momentum conservation law. In this equation, the issues
associated with Diff invariance, which are mentioned in Sec. 2, become evident: there is a partial derivative of Ψ
and the Lorentz connection appears explicitly, and these two terms are not covariant under LLT. Of course, this is
not an issue when Eq. (23) is valid because, when these two equations are put together, the term with the Lorentz
connection gets replaced by a term with Jab that combines with the partial derivative to transform covariantly. In
addition, since these terms are multiplied by F , they vanish on shell. Of course, the LT are precisely built in such
a way that the problematic terms do not even arise.
An arbitrary variation of the total action is given by Eq. (12) with
Fµa = −τ
µ
a −
1
κ
[
Gµa −
1
2
kbc
deRbcρσ (2E
µ
eE
ρ
aE
σ
d + E
µ
aE
ρ
dE
σ
e)
]
, (24)
Fµab = −
1
2
σµab +
1
2κ
[
(T cρσ + 2e
c
ρTσ)E
ρ
[aE
σ
b]E
µ
c + kab
cdT eρσE
ρ
cE
σ
dE
µ
e
−2EνcE
µ
d(Dν + Tν)kab
cd
]
, (25)
where Gaµ = R
bc
ρσ(δ
a
b δ
ρ
µE
σ
c − e
a
µE
ρ
bE
σ
c/2) is the Einstein tensor in the presence of torsion. Thus, on shell,
Eq. (24) is the generalization of the Einstein equation, which is not necessarily symmetric, and Eq. (25) plays the
role of the so-called Cartan equation.
The key step in the algorithm presented above is to take the covariant derivative of Eqs. (24) and (25). The
result are the contracted Bianchi identities, which, using Eqs. (22) and (23), can be casted into the form
(Dµ + Tµ)F
µ
a = T
b
µνE
µ
aF
ν
b +R
bc
µνE
µ
aF
ν
bc − E
µ
a
(
∂µΨ+
1
2
ωabµJabΨ
)
F
−
1
2κ
RbcρσE
µ
aE
ρ
dE
σ
eDµkbc
de, (26)
(Dµ + Tµ)F
µ
ab = 2gµνE
µ
[aF
ν
b] +
1
κ
(
Rcdµνkcd[a
eEµb]E
ν
e −R
c
[a|µν|kb]c
deEµdE
ν
e
)
. (27)
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Clearly, the term with Dµkab
cd in Eq. (26) breaks LT invariance since it cannot be written as a linear combination
of Fµa, F
µ
ab or F . Analogously, in Eq. (27), the terms in the parenthesis break LLT. This answers the central
question of this paper: the theory is generically not invariant under any of the symmetries considered. Still, by
making the last term in Eq. (26) equal to zero, while letting the parenthesis in Eq. (27) be nonzero, one can break
LLT while the theory is invariant under LT. Clearly, it is also possible to have invariance under LLT while LT
is broken. However, tuning the values of the SME coefficients goes against the SME philosophy of keeping them
arbitrary until they are constrained by experiments.
Remarkably, from Eq. (25) it can be realized that kab
cd acts as a torsion source, as it occurs in theories with
nonminimal scalar couplings (see Ref. [45] and references therein). Thus, even in vacuum, the presence of kab
cd
generates torsion. This is very unusual since, in most theories, vacuum torsion vanishes. Moreover, this torsion
field could be probed with spinors. In fact, for a Dirac spinor ψ, the equation of motion for ψ takes the form [46]
iEµaγ
a
(
∂µψ +
i
4
ω˜bcµσbcψ
)
+ EµaAµγ5γ
aψ = 0, (28)
where γa are the Dirac matrices satisfying Clifford’s algebra {γa, γb} = −2ηab, σab = iγ[aγb], and γ5 = iγ
0γ1γ2γ3.
In addition, ω˜abµ is the torsion-free spin connection (i.e., it satisfies the torsion-free tetrad postulate) and A
µ =
ǫρσνµTρσν/6, with ǫµνρσ the Levi-Civita tensor. Notably, bounds on vacuum torsion like those discussed in Ref. [46],
could be motivated by the presence of torsion in the minimal gravity sector of the SME. On the other hand, if
torsion is assumed to be nonzero, one can use the very stringent bounds on the matter sector of the SME (see
Ref. [25]) to put limits on kab
cd; this is similar to what can be done using field redefinitions in the matter-gravity
SME sector [47]. Furthermore, the conventional SME phenomenology is recovered when torsion and spin density
are both set to zero. Notice that the former can be rigorously turned off with a Lagrange multiplier [48]. However,
even in this case, it is expected that the LT will not be a symmetry of the theory since the structure of Eqs. (26)
and (27) does not change by the presence of this Lagrange multiplier.
Finally, as it is mentioned in the introduction, in the SME community, Eq. (26) is seen as a strong restriction
linking matter, geometry, and kabcd. However, when torsion and spin density are considered, this condition is
relaxed in the sense that it involves more degrees of freedom of both, the matter and the geometry. This may be a
valuable alternative in addition to spontaneous Lorentz violation.
4 Conclusions
In this work, the so-called local translations are studied in a gravity theory with explicit Lorentz violation, which
is introduced by a nondynamical 0-form kab
cd. It was known that the theory is not diffeomorphism invariant, and,
in this work, it is shown that the theory is also not invariant under translational invariance. This is interesting
since the local translations can be regarded as improved diffeomorphisms in the sense that they are fully covariant
under local Lorentz transformations, thus having the potential to be unaffected by Lorentz violation. Another
interesting aspect that becomes evident is that the minimal gravity sector of the SME, in the presence of torsion,
has additional coefficients which generate vacuum torsion.
There are interesting issues that could be addressed in future contributions. For example, what happens with
the local translations in theories with spontaneous Lorentz violation? In this case kab
cd would be dynamical and it
thus transforms under all symmetries. Furthermore, even if the local translations are indeed spontaneously broken,
there could still be advantages of using them when there is spontaneous Lorentz violation. The ultimate role of
these local translations needs to be carefully analyzed but, if some traces of them remain, they could play very
important roles.
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